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Double-wave solutions of equations with three independent variables are studied. The case when a
homogeneous autonomous system consisting of four independent quasilinear first-order differential
equations can be formed to study compatibility is considered. All such systems having solutions with an
arbitrary function that cannot be reduced to invariant ones are given and their solutions are found.

The classification of solutions with degenerate hodograph is one of the fundamental problems of the
theory of r-fold waves. From the point of view of the group properties of differential equations an r-fold
wave is a partially invariant solution (PIS) with respect to a subgroup of the transformation group G
with Lie algebra ™' whose operator basis is [1]

g{)a= xia,-, §,-a=ai (i= 1.2....,12)

where 7 is the number of independent variables.

PISs that cannot be reduced to invariant ones are a special case. This is connected with the fact that the
problem of constructing invariant solutions is much simpler than that of constructing PISs. Namely, apart
from a similitude transformation, two kinds of wave parameters (A, ..., X) are possible for an invariant
r-fold wave [1].

A similitude transformation is defined by a linear transformation x’=Vx of the independent variables
with a non-singular nxn square matrix V. Besides, a PIS involves a more complex analysis of the com-
patibility of the resulting overdetermined systems than an invariant solution. It is therefore useful to
elucidate in advance the form of irreducible multiple waves, In the literature there are only separate
sufficient conditions for reducibility. For double waves Ovsyannikov’s theorem [1] on the reduction to
invariant solutions plays a fundamental role. In particular, if n=3 and there are five independent
autonomous first-order homogeneous quasilinear equations satisfied by the wave parameters, then such
solutions can be reduced to invariant ones.

Another key point in the study of solutions with degenerate hodograph is the investigation of the
compatibility of overdetermined systems. Since the general analysis of the systems that arise presents
difficulties, it has been carried out with additional assumptions regarding the solutions. Initially, these
were kinematic and geometric conditions: it was assumed that the flow is a potential one or that the level
curves are rectilinear [2-4]. We note that the requirement that the level curves should be rectilinear
corresponds to a smaller invariance defect. Restrictions were also constructed on the basis of the
algebraic structure of the system connected with so-called simple integral elements {5, 6]. Since in each
case one must analyse the compatibility of an overdetermined system, it is more natural from the
viewpoint of compatibility theory to classify the solutions with degenerate hodograph depending on the
presence of an arbitrary function in the general solution.
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The study of solutions with an arbitrary function is based on the fact that every compatible system of
differential equations is involutory after a finite number of extensions. If the system of differential
equations is involutory, then the arbitrary function in the solution is determined by the Cartan characters,
which are related in a certain way to the leading parametric derivatives. Thus, for a solution with an
arbitrary function to exist it is necessary that the rank of the coefficient matrix multiplying the leading
derivatives should be different from the total number of leading derivatives (for any extension).

In the case of three independent variables the classification of double waves almost always involves the
study of systems consisting of four first-order homogeneous quasi-linear equations

3
zi(la."?(;‘« W+Eeqf A p) =0  (j=1234) ©.1)
o=

Such systems and their solutions are studied below: all systems (0.1) having solutions with an arbitrary
function that cannot be reduced to invariant ones are given and their general solutions are found. The
present paper extends the results on the classification of multiple waves for the equations of gas dynamics
and the theory of plasticity obtained in [7-10].

1. EQUIVALENCE TRANSFORMATION

Let u=(x, u) be the parameters of a double wave and let A, =0dA/dx,, p,=du/dx; and
u, =, w,) (=1, 2,3). For system (0.1) the property of being homogeneous and autonomous
is invariant under the following equivalence transformations:

(a) the choice of wave parameters A"=L(A, ) and p'=M(A, p);

(b) a non-singular linear transformation of the independent variables.

By virtue of the double wave condition rank o(k, w)/d(x,, x,, x;)=2 it can be shown by
means of equivalence transformation that any system (0.1) of four independent equations can
be reduced to one of the following two forms

A‘l=0’ )\«2':0, p.3=0
Ay +a(h, WU + b, W, =0 (a2 +b720) (1.1)

or
uy = Awy, Uy =By (1.2)

where A=(a,(A, W) and B=(b;(A, W) are (2x2) square matrices.

2. THE SOLUTION OF SYSTEM (1.1)

On differentiating the last equation in (1.1) with respect to x, we obtain the equations
(differentiation with respect to x, is denoted by a prime)

l” + (al}.LI + b;‘u.z )7\.' =0 (2‘1)
l’” -+ (axul + blp.z )R” + (anul + bup,z )?\4' = 0

Equations (1.1) and (2.1) imply the relationships

(b)"x’2 bl b)»") -+ A,?L' “’] = 0, - (a;]\.' 2"" a)»") + Alx’uz = 0 (2.2)
(Al = abx el ba)")
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If A, #0, then expressions for p, and p, can be found from Eqs (2.2). On substituting these
expressions into (2.1), one can determine A", Thus in the present case system (1.1) can have at
most an arbitrary constant. It must therefore be assumed that A, =0. Then b=g(u)a (without
loss of generality it is assumed that a = 0) and

Dy(a\? —aM") =p g,V *-a,A)=0 (i=1,2)

(here and henceforth D, is the total derivative with respect to x;). Hence ag,, ~a,a4,=0 or
a=¢y with some functions ¢=0¢(1) and y=wy(u). By the equivalence transformation with
dL=¢'d\ and dM =wydy, these functions can be reduced to ¢=y=1. Then (1.1) becomes a
decoupled system. We get A=cx,, where c#0 is an arbitrary constant, which, by the
equivalence transformation is unimportant. For p we have the equation p, + g(u)u, = —c, which
can be integrated in the standard manner [11].

Theorem 1. All systems (1.1) having solutions with an arbitrary function are equivalent to
the system

A=x3, M +g(WK,y =-1

3. THE SOLUTION OF SYSTEM (1.2)

First we note that

D2 (u3 - Aul ) - D3(u2 - bul) = Gu” - C(ul ,ul ) = O (3'1)
Here G = AB- BA with elements
81 = —82 =apby —ayby,
812 =app(by —byy) - by(ay —ayy), gy =-ay(by - b)) +by(ay —a)

C is a bilinear mapping, whose coordinates are determined by A and B and their derivatives
with respect to A and .

If detG #0 then the solution of system (1.2) can have at most an arbitrary constant. Since

systems having solutions with an arbitrary function are considered, it must be assumed that
detG=0,i.e.

@12ay,(byy — b1y ) ~(ay3by) + @by )(byy — byy Nag — )+ byybyy (ay, —ayy)? — A2 =0

32)
(A =ay,a;, - byyby))

If a,a,A#0, then (3.2) implies that (ay, —a,,)’ +4a,,a,, =0. Under this condition A has real
eigenvalues. This case is studied separately below.

If a,,a,,A =0, then either a,,a,, =0, and so A also has real eigenvalues, or

A= 0, Q1949 #0 (3'3)

In the latter case G =0. But then (3.1) contains two homogeneous quadratic forms with respect
to 1, :(7‘1: I~11)

Cluyuy)=0 (34)

If at least one of the coefficients of the quadratic forms (3.4) is non-zero, it gives rise to a
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fifth first-order homogeneous autonomous quasilinear equation and, by the reduction theorem
[1], such solutions can be reduced to invariant ones. In this case one must therefore assume
that C =0, Since a,a,, #0 by assumption, (3.2)-(3.4) yield the relationships

by = anbi by =E+by; (&E ay -ay J
a2 a3
% _ abn b12 a“u 3_“1; -
aA au g, \Loan dA

abu_ﬁz_l_abxz_‘_{;abn by (ay 9ay; aa,,_gaa“ =0
83., ayy 3}1 au app \ 4y a].l ax 3}1

(35)

Under these conditions, system (1.2) is involutory with two arbitrary functions of one
argument in the solution.

Theorem 2. Apart from equivalence transformations, system (1.2) has solutions with an
arbitrary function that cannot be reduced to invariant ones only if A has real eigenvalues or
conditions (3.5) are satisfied.

Below we consider the case when A has real eigenvalues.

Remark. The classification of double waves considered in all the papers known to us can be reduced to
analysing the solutions of system (1.2) when A has real eigenvalues. In many of these publications this
property is not pointed out explicitly. It is a consequence of the following The classification of double
waves involves transferring to the hodograph space x,=P{A, p, x;), =Q(A, u, x;), followed by
obtaining a second-order degenerate algebraic equation in dP/odx, and E)Q/ax3, which splits into the
product of two linear forms. It can be shown that this is only possible if A has real eigenvalues.

Now, let A have real eigenvalues. Without loss of generality (by the equivalence transforma-
tions) A can be assumed to be a Jordan matrix. Here it is necessary to distinguish between the
two possibilities when A has a triangular or diagonal form. Different cases must be studied
depending on the value of rank G.

We initially consider the case when rank G=0, i.e. G=0.If g,=1, then a,,=a, and (3.5)
can be obtained from C=0. For a4,=0 and for solutions irreducible to invariant ones it fol-
lows that a,, =b, =b,, =0 and

9 oby, 3
(azz‘au)T'(bzz"bn)%" (azz*au) —(bzz-bn) 022

=0 (3.6)
Under these conditions system (1.2) is also involutory with two arbitrary functions of one

argument in the solution.
Now, let rankG =1. If A has the triangular form (a, =a,;, a,=1. a, =0), then

bZI b22 —bll

G =

and so b, =0 and b,, - b, #0. Thus B can be reduced to diagonal form. But then, by means of
an equivalence transformat:on the study of this case can be reduced to the case when A is
diagonal, which is considered below.

For a diagonal matrix A we get

0 ~byy
G=(ay —ay) b 0

Since rankG =1, it follows that a,—a,, #0 and b,b, =0. Below it is assumed, without loss of
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generality, that b, =0 and b, #0.
Then the first equation in (3.1) has the form

da day, by,
Aby —IL 4 11 - _ =
ba 5 +1 [ (by = byy) au J(azz -a;)=0

Hence, by irreducibility, we find that

an =ap(A), by =b(N)
Moreover, the second equation in (3.1) can be written as
)u“ = a?&% + bklul (3.7)

- da, ob,
a= T\][bZI e L—(ap-ap) ) ]» n=by(ay -ay,)

aa32

=q" [(522 bn) day 2 - by ‘5{"‘(“22 "“n)‘_}

If b#0, the relationships

D3(Ay; - akf - bAipy) - DiDy(Ag - a;hy) =0
D, (hyy - aA] = Ay )~ DDy (A = by k) =0 (38)

can be used to determine p,,, which leads to solutions having arbitrary constants only. One
must therefore assume that

b=0 39

All second-order derivatives are then eliminated in (3.9). They represent two homogeneous
quadratic forms with respect to p,. From irreducibility and (3.8) we therefore get

da;, . 9%ay, Bbl obyy sz” da
am—— ._.._._::O’ :O, — 3.10
‘T T BTl (310

Equations (3.9) and (3.10) ensure that system (2.1) is involutory with one arbitrary function
of a single argument, and, in order to determine the solution, it is necessary to study the
following three cases: (a) a, #0, (b) a;, =0, b}, 20, and (c) a;, =0, b/, =0.

If 4/, #0, then we find from (3.10) that b, =c,4,, +c, with certain constants ¢, and c,. After
the linear transformation x; =x, +¢,x,, x;=x, and x; = x,+¢x, of the independent variables it
follows that b, =0 in system (1.2) written in the new system of coordinates.

By (3.10), we find from (1.2) and (3.7) that a,(A)=—x,/x,, apart from translations with
respect to the independent variables. On applying the equivalence transformation A’=-g,,(A)
and p'=p, we determine from (3.10) that a=0 in the new variables (A’, u’), which yields
db, /oA 20 and a,=-A-b,(db, /0X)". Here and below the prime is omitted. The integral
(3.9) will be

by =(ay +A)(=dby / O + by W(K)) (3.11)
where (i) is an arbitrary function. By the equivalence transformation A’'=2A and p’= f(u)

with f(u) satisfying the equation f’+yf’> =0, one can assume that y =0 in (3.11). Reducing
the remaining two equations in (1.2) to a homogeneous linear system by the standard method
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[11], we obtain its solution ®(-b,x,/x,, b, /x,)=0 with an arbitrary function ®E,, §&,)
& =u-byx,/x;, & =by/x;). If & _ =0, then the solution is invariant. One must therefore
assume that &, #0. Finally, we observe that the resulting solution has a defect 6=1.

Cases (b) and (c) can be studied in a similar way. Here we will give just an outline. By the
equivalence transformations one can assume that a4, =0 in both these cases, b, =—A in case
(b), and b, =0 in case (c). It follows that A, =0 in both cases. Since we also have a= b;/0b,,/
oA =0, it follows that b,; = f(1). But then b, becomes b, =1 under the transformation A’ =A4,
w= _[ f'(wdp. In order that there should be no reduction to invariant solutions, it is necessary
that a,, #0. If we set ¢, =1/a,,, then Eq. (3.9) gives rise to expressions for b,,. Then, reducing
the remaining two equations in system (1.2) to a homogeneous linear system, we can find its
solution.

The following theorem is therefore true.

Theorem 3. Let A in system (1.2) have real eigenvalues. Then systems of the form (1.2)
having solutions with an arbitrary function that are irreducible to invariant ones are equivalent
to one of the following systems

(a) with coefficients (b,,(3b,, /d\) #0)

by ) 3by, (3by ™
ay=-h b =0, ap=-A-by [7}?) . by =by B—;L(B_;»I)

and the general solution
x=x1/X3, ¢(u—b2IX2/X3,b2|/.X3)=0
(b) with coefficients

a =0, by=-A, apn=1/¢,, by =1, b22=";‘+(¢u+“"e—u)/¢x

and the general solution

A= X /X2, ¢((x3 /Xz +¢)e“ +V, xze—u)= 0
(c) with coefficients

a; =0, b;; =0, ap =1/, by =1 by=9,/0,

and the general solution

}\,=x|, ¢(,J.—X2,X3+¢)=O

(d) with coefficients satisfying (3.6) and a general solution having two arbitrary functions of
one argument.

Here ®=®(&,, £,), ¢=0(A, ) and y =y(u) are arbitrary functions and @, #0. In case (d)
system (1.2) is said to be written in terms of Riemannian invariants. In [6] the condition that
the system be written in terms of Riemannian invariants is required in the definition of a
double wave.

The work reported here was carried out with financial support from the Russian Fund for
Fundamental Research (939-013-17361).
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